A calculation is presented of the long-time behavior of various random walk properties (moments, probability of return to the origin, expected number of distinct sites visited) for multistate random walks on periodic lattices. In particular, we consider inhomogeneous periodic lattices, consisting of a periodically repeated unit cell which contains a finite number of internal states (sites). The results are identical to those for perfect lattices except for a renormalization of coefficients. For walks without drift, it is found that all the asymptotic random walk properties are determined by the diffusion coefficients for the multistate random walk. The diffusion coefficients can be obtained by a simple matrix algorithm presented here. Both discrete and continuous time random walks are considered. The results are not restricted to nearest-neighbor random walks but apply as long as the single-step probability distributions associated with each of the internal states have finite means and variances.
INTRODUCTION
Considerable interest has developed recently in the theory of multistate random walks because of the variety of physical and chemical processes which can be modeled by such random walks (for a review see, e.g., Ref. 1) . The basic concept is that the walker, while moving on a lattice, can be in a number of internal states; and the properties of the random walk depend on the nature of these states. Such internal states can be different energy levels or spin states, but we will be concerned here only with the case of configurationaI internal states. That is, we consider random walks on lattices which are built up by periodically repeated unit cells. The unit cells themselves contain several nonequivalent sites which are now considered as internal states. Such constructs can be termed inhomogeneous periodic lattices; for succinctness, we will refer to them simply as inhomogeneous lattices. Because such lattices are globally translation invariant, the time dependence of the random walk properties is the same as for perfect lattices (i.e., periodic lattices with one site per unit cell), and only a renormalization of coefficients occurs. The question to be answered is how the presence of internal states affects these coefficients.
The main motivation for this study arose out of a series of papers by Silver, Shuler, and Lindenberg(2); Shuler(3); and Seshadri, Lindenberg, and Shuler. (4~ These studies were concerned with nearest-neighbor random walks on so-called sparsely periodic or random lattices. Such lattices are obtained from a regular lattice by periodically (or randomly) removing a number of vertical columns. A two-dimensional example is shown in Fig. 1 . On this lattice, motion in the y direction is possible only at a subset of points, the so-called intersection sites. The case shown in Fig. 1 represents a sparsely periodic lattice with horizontal periodicity k, i.e., there is one vertical connection for every kth site along the horizontal direction. Random walk properties for such lattices have been obtained by rather complicated On the other hand, a set of simple assumptions has been proposed (3) [called the bond enumeration method (B.E.M)], which reproduce the correct asymptotic random walk properties and which are based on counting the number of bonds in the unit cell in the various space directions.
In order to investigate the range of validity of the B.E.M., we derive in this paper simple expressions for various properties [occupation probabilities, moments, probability of return to the origin, expected number of distinct sites visited] of multistate random walks in the long-time limit. In this way a quick comparison of such properties for different types of inhomogeneous lattices becomes possible without the need of computing the generating functions for each different case. The explicit question of the range of validity of the B.E.M. will be reserved for another paper. (7) In paper II of this series (8) we will touch upon another important theme in the work cited above, (2 6) namely, the question under which conditions the properties of the random walk do not depend upon the spatial arrangement of the nonequivalent sites within the unit cell but only upon their density. For the sparsely periodic lattices mentioned above, it has been shown that for a fixed density of vertical columns the random walk properties are identical for periodic and nonperiodic or random distributions of vertical columns, 3 provided that certain asymptotic uniformity conditions are satisfied. (5'6) We will present additional examples for which this is the case as well as examples where the detailed spatial arrangements cannot be ignored.
Among earlier approaches to random walks with internal states, we mention those of Landman, Montroll, and Shlesinger, (l~ and of Landman and Shlesinger (l~'t2) in the context of continuous time random walks (CTRW's). The latter authors present two different and lengthy prescriptions to calculate the asymptotic behavior of the moments of the walk. In this paper we present an algorithm to obtain these moments which is much simpler, especially for walks for which the average single-step displacement from each site of the lattice in each direction is zero. 4 The probability of return to the origin and the expected number of distinct sites visited were not discussed in the papers cited above. The simple relations we establish in this paper between these properties and the moments of the walk permit us to include these properties in calculations of specific examples without additional effort.
3 A similar result has been found in the one-dimensional waiting time Lorentz model, where the diffusion coefficient is identical for lattices with fixed and with random intervals between scatterers for a given density of scatterers/9) 4 We will call such walks "locally unbiased"; see Section 2.2.
The organization of this paper is as follows. Section 2 is devoted to the case of discrete time random walks with internal states. The main mathematical tool in the derivations is Darboux' method, (13) applied to the matrix generating functions for the various random walk properties. The case of continuous time random walks is considered in Section 3, where Darboux' method is replaced by the Hardy-Littlewood-Karamata theorem, ~14) applied to the Laplace transforms of the random walk properties. In Section 4 we present a summary of this paper and draw some conclusions.
We stress that the method developed here is not restricted to nearestneighbor random walks. We only require that the means and variances of the distributions of jump distances for every site of the unit cell be finite.
DISCRETE TIME RANDOM WALKS

Introduction
Consider a d-dimensional lattice with fundamental translation vectors al, a2 ..... aa, i.e., the arrangement of all the sites as seen from a position r is the same as that seen from a position parallelopipid, which is called a unit cell. We will use primitive translation vectors so that the resulting unit cell is the smallest possible one. The translation vectors are not necessarily orthogonal.
The unit cell contains a number of inequivalent sites or "internal states." These will be referenced by an index c~, where c~ = 1, 2 ..... m. The position of a particular unit cell is labeled by a vector 1, where the components of ! are integers, as in (2.1.1). Accordingly, we will indicate the position of a random walker on an inhomogeneous periodic lattice by the symbol (l, c~). In the following we will always indicate internal states by Greek indices (c~,/~, 7,...) and the various space directions by Latin indices
.).
Now consider a discrete time random walk (DTRW) on such a lattice.
A basic quantity of interest is P~)(I I !o), the probability that the walker is at site (/, c~) after n steps, having started from (!o, fl). By the global translation invariance of the lattice, P~n)tlllo) depends only on the difference 1-1o, hence we will take 1o=0 in what follows and write P~}>(! I 0), etc. Conservation of probability is expressed by
The evolution of the random walk is described by the ChapmanKolmogorov equation for Markov chains,
Here T~(I-I') is the single-step transition probability from site (I', ?) to site (I, c~), which again only depends on the difference I-I'. It is convenient to use the matrix representation
etc., so that (2.1.3) becomes the matrix equation
The dimension of all the matrices in (2. Here T(I) is the matrix of transition probabilities occurring in (2.1.4). The basic assumption we will make is that the random walk is irreducible, i.e., each site of the lattice can be reached from every other site 822,/40/'1-2-14 after a sufficient number of steps. 5 The class of irreducible Markov chains can be subdivided into aperiodic (or primitive) walks and periodic (or cyclic) walks. (~7'1s/The transition matrix associated with an irreducible (aperiodic, periodic) walk is called irreducible (aperiodic, periodic). An irreducible stochastic matrix is defined as follows:
Definition. A nonnegative matrix Q is called irreducible if for every and/~ there exists an integer J/(~,/?) such that (On)~ > 0 if n >~ J{(c~,/~).
If an ~ can be found which does not depend on c~ and /~, O is aperiodic. If in addition Z~ Q~= 1, the matrix is called a stochastic irreducible matrix (periodic or aperiodic).
At this point we make the following observation, which will play an important role in what follows. The probability P~)= ~2~ P~)(I) that the walker is in internal state c~ after n steps, having started in state/% irrespective of the particular unit cell which the walker occupies after the nth step, obeys the equation [we use (2.1.4)]
where the matrix T is defined by We now turn to the determination of the asymptotic behavior as n, the number of steps, goes to infinity of various random walk properties, in particular the moments of P(~)(I), the probability of return to the origin and the expected number of distinct sites visited. It should be noted that the only restriction made up to this point is that the random walk on the inhomogeneous periodic lattice (i.e., the multistate random walk) is irreducible. The results presented below are thus very general and are valid regardless of any assumed lattice structure, as long as a unit cell can be defined which generates the lattice. 
Moments
1. Moments of P(~)(I).
The large-n behavior of the moments can now be obtained by applying Darboux' method (13, 19) to the respective generating functions. That is, one expands the generating functions around the singularities in the complex z plane. The dominant contribution comes from the singularities closest to the origin, which for the cases considered here lie on the unit circle. The singularities outside it (if present) correspond to contributions which are exponentially small for large n. The coefficient of z" in the part of the generating function which contains the dominant singularity (henceforth referred to as the singular part of the generating function) then yields the asymptotic behavior as n --, oo of the quantity considered.
As a first step, we introduce here the matrix H which diagonalizes the transition matrix T defined in (2. 
where, from (2.1.7) and 7
2.8)
We always write the single-step averages without argument, e.g., (li)~-(/i(1))~ = Zt l~T~B(l), etc. Notice that single-step transitions between the sites within the same unit cell do not contribute to the moments (li)~ and 6 Empty positions in matrices denote zeros. where we have used (2.2.6). By making use of the relation
for arbitrary matrices A, B, and C, where A is diagonal or of Jordan form (2.2.4) and e a small parameter, we derive the following expansion:
Here ~ is the same as in (2.2.4), the prime on the summation signs indicates that/~ # 0 and 7 # 0, and the symbol j~ k denotes the same term as the preceding one, but with j and k interchanged. In fact, the matrix (1 -~)-~ in (2.2.13b) should be (1 -z~) -~, but we are interested in the behavior as z ~ 1 and therefore have already put z = 1 in this factor. The error thus made is of order 
and
The large-n behavior of the moments is found by determining the coefficient of z" in these expressions. The first moment is found as
After summing over final states ~ and averaging over the (arbitrary) initial distribution {p~~ of the internal states, we obtain
Similarly we find from (2.2.15)
Finally, the covariance, defined by
is given by
The quantities mj and SJg in (2. 
Moments of the Displacement.
The moments of the actual displacement r(n) after n steps can be related to the moments (2.2.16) and (2.2.18). This is done in Appendix A. We give the results for the components ri(n) = r(n)" e~, where {e~} is a complete set of unit vectors, which span the d-dimensional space Nd. The first moment is found to be
where the factor Vi, called the "drift velocity" in direction ei, is given by
For the covariances the result is 9
where D o is the (0")th element of the matrix of diffusion coefficients
The quantities mk and sk~ in (2.2.22) and (2.2.24) are defined in (2.2.13), while
Here ak is the kth translation vector as defined in Section 2.1. It should be emphasized that the quantities m k and skt depend only on the connectivity of the lattice (or more precisely, of the random walk defined on it), but not on the length and direction of the steps. 1~ The geometrical factors Aki in the expressions for the moments of r(n) take account of the size and shape of the unit cell. From (2.2.19) and (2.2.22) one notes that the asymptotic means of lj(n) or rj(n) only involve the eigenvector n of T belonging to the maximal eigenvalue 2 o = 1. The asymptotic second moments, however, involve all eigenvalues and eigenvectors of Y [see (2.2.13)], which in general are hard to calculate, 11 with the exception of the equilibrium eigenvector n which can often be obtained by physical arguments, such as detailed balance. It would thus be desirable to have an expression for the diffusion coefficients which involves only this vector n. Such an expression does exist for the special class of walks for which the average single-step displacement from every site of the lattice in every space direction is zero. We will refer to such walks as locally unbiased (the term symmetric walks is avoided here since the matrix T for the class of walks just defined is not necessarily symmetric.) If we define p~(r) as the probability that the walker makes a step from internal state/~ to internal state e with corresponding displacement r, 9 The factor 89 in the definition of D o is customary in the physical and chemical literature.
10 In paper II we will use this fact to calculate the diffusion coefficient of a locally biased walk by constructing an associated locally unbiased walk with the same connectivity properties as the original walk. H The one-dimensional case is still tractable (see Ref. 20 
s
Consider the random walk on the sparsely periodic lattice of Fig. 1 . Since every site can be reached from every other site, the walk is irreducible. However, it is not aperiodic, since the walker can only return to his starting site after an even number of steps. The matrix T describing the embedded k-state Markov chain is I '', . The significance of this property in relation to the questions raised in the introduction will be discussed in Ref. 7 . Now we calculate the moments. Since the walk is locally unbiased, the drift velocities in the x and y direction are zero, and the formula (2. method to the general problem of obtaining moments before specializing to a particular random walk. A glance at Appendix C of that paper readily shows the great simplification which has been achieved by the method presented here.
Probability of Return to the Origin
In this section we investigate the probability of return to the original site on an infinite d-dimensional lattice when the walker can traverse several internal states. For the particular case of the two-dimensional sparsely periodic lattice discussed in the preceding section, this quantity was obtained by Silver et al. (2) and Seshadri et al. (4) using involved generating function techniques. Apart from the fact that the calculations are quite complicated, there is the additional disadvantage that the results thus obtained are not general, i.e. the derivation has to be repeated for each particular lattice.
It is the aim of this section to show that, starting from the matrix generating function for the multistate random walk, a general expression for the asymptotic behavior of the probability of return to the origin can be derived. By a careful comparison with the known results for perfect lattices, we conclude that the only effect of the internal states is a renormalization of the one-step covariances occurring in the perfect lattice results. For the purpose of later comparison, we present first a short derivation of the perfect lattice results. The probability pn(0) of returning to the origin 0 after n steps on an infinite perfect d-dimensional lattice is given by (1~
where the characteristic (or structure) function 2(0) is defined as (21) i.e., the unit cell is as small as possible. The factor w in (2.3.3) appears for so-called loosely packed lattices (22) where the walker can only return to the origin after an even number of steps. Examples are the s.c. and b.c.c, lattices. As soon as we assign a nonzero probability for the walker to pause at every site, the oscillatory contribution of the form w (-)" in (2.3.3) disappears. This is a fortiori the case for CTRW's. We now consider the case of multistate random walks. To find the asymptotic behavior of P~})(0), the probability that the walker returns to the original unit cell after n steps, with initial and final internal states given by/~ and c~, respectively, we apply Darboux' method to the corresponding generating function, which from (2.1.6) and (2. The derivation given in this section can easily be extended to derive the probability of first return to the origin by applying the same method to Furthermore, since we take the lattice spacing to be unity,
So from (2.3.11) the asymptotic probability of return to the origin in n steps averaged over initial states is k+l 1
p(n)(O) 2 ::Tcnx/ t c (n~oo)
(2.3.14)
In fact, it is immediately clear from Fig. 1 (ii) Secondly, we consider the hexagonal lattice of Fig. 2 . This lattice can be constructed from a unit cell or, more precisely, an irreducible lattice fragment with two nonequivalent sites, labeled 1 and 2 in Fig. 2 . These sites differ in that, along the horizontal bonds, the walker can step only to the left from sites 2 and only to the right from sites 1. The fundamental translation vectors chosen here are, with the lattice constant equal to unity, We have verified this result by explicitly inverting the matrix 1 -zA(0) in (2.3.6), expanding the diagonal elements G~(0, z) in powers of z and evaluating the coefficient of z" for large n by Laplace's method. For unit cells with many sites, the latter approach becomes too cumbersome to be useful.
Expected Number of Distinct Sites Visited
We now turn to a determination of the asymptotic behavior of ~,(n) the expected (i.e., mean) number of distinct sites visited after n steps, with initial state fi and final state c~. Again the result is derived by expanding the generating function S~(z) of v(,) around z = 1. Comparison with the perfect lattice case enables us to conclude immediately that the functional dependence of S(~} ) on n is the same as for the perfect lattice, but with modified coefficients. This modification again involves only the diffusion coefficients in dimension d< 3, but it is more complicated in d~> 3. This is a consequence of the fact (see Ref. 1 ) that the matrix generating function G(0, z) diverges at z = 1 if d< 3, but is finite at z = 1 for d>~ 3. We again assume that the walk has zero drift velocities in all directions.
Define f~})(l) as the probability that the walker arrives for the first time in unit cell ! in state ~ after n steps, given that he started at (0, fl). This probability is related to P(~)q~ as defined before, by 
P(~'~)(I)=6,,o6~,~5,,o + ~ P~ J)(/I l) f(~)(l)
where the expansions of G(0, z) around z = 1 are given by 
CONTINUOUS TIME RANDOM WALKS
Introduction
The results of the previous sections can be extended without difficulty to continuous time random walks (CTRW's). (23) The basic quantity which describes the random walk is now the function O~,,(l-l',r) , where ~(1-I', T) dr is the probability that the walker jumps from unit cell !' and internal state 7 to unit cell ! and internal state ~ in a time interval (v, r + dr). We will restrict ourselves to so-called separable walks, for which the function ~ has the space and time factorized form The function T~(I-l') is the same as in (2.1.3) and ~(r) is the waiting time density in state 7, i.e., 0~(t)dr is the probability that the walker makes a transition from state 7 in the time interval (r, ~ + dr). The normalization condition is now ct,/ The random walk described by (3.1.1) is a Markov process with continuous time parameter if and only if the functions ~(~) are exponentials for all 7, (26) 
The quantity L. is called the mean waiting time in internal state 7. We will, however, not restrict ourselves here to waiting time densities of the form (3.1.2). As in the discrete time case, we assume that the random walk is irreducible.
Since we are interested in the asymptotic behavior as t-~ oo of functions f(t), we must examine the properties of the Laplace transformed functions f(u) = ~ dt e "~f(t) in the limit as u ~ 0. We consider here two different cases for the waiting time density ~(t):
(a) ~,~(t) has finite first and second moments (t~} and (t~), where where B7 and C7 are constants, and 0 < q < 1.
Other cases, such as when only the first moment of ~,7(t) is finite or when the constants in (3.1.5) are slowly varying functions of u, can also be worked out [see, e.g., the work of Shlesinger (27) on perfect lattices]. These and several other possible models involving internal states with both finite and infinite waiting times will not be considered here.
Let P~(I, t) be the probability that the walker is in unit cell ! in state c~ at time t, having started in unit cell 0 in state/3. Then the Laplace transform of P(L t) for the case of separable CTRW's is (28 /z --re
We note that G(/, u) would be identical to the generating function G(/, z) of (2.1.6) if ~(u) were replaced by z. We now turn to the calculation of the asymptotic properties of CTRW's as t-* oo. Since most of the results can be obtained by investigating the discrete time generating function G(0, z) already discussed, we dispense with most of the details of the calculation. (I, t) , the probability that the walker is in internal state ~ at time t, starting from internal state/~, irrespective of the unit cell occupied at time t, is given by [using (3.1.6) and (3. From (3.1.4) and (3.1.5) we have, as u--* 0, 
Moments
3.2.1, Occupation Probabilities. The Laplace transform P~(u) of
P~(t)-Z~ P~
l ( t~) + O(u) u-l[1-~'~(u)] = uq_
.6b) B
The limit is again independent of the initial state /3. The approach to equilibrium of the embedded Markov chain defined on the internal states may, however, be extremely slow in case b as q approaches zero (see 3.2.5b).
Means and Variances.
The Laplace transforms of the means </y(t)} and covariances <</}(t) l~(t) )) can be obtained by differentiation of the function
which is the spatial Fourier transform of (3.1.6). Again we are interested in the small-u behavior of (3. Example. Consider the one-dimensional random walk on the lattice with periodically spaced internal states x and 0 depicted in Fig. 3 . We assume that the waiting time densities are of the form (3.1.2). The sum of In the asymmetric case (p ~ q) the eigenvector rc of (3.2.10) is the same as for the symmetric case, i.e., ~ = m 5. The mean displacement follows from (3.2.8a),
where we have used (3.2.12 
These results reduce to those of Shlesinger (27) for perfect lattices if there is only one internal state (m = 1).
SUMMARY AND CONCLUSIONS
We have considered multistate random walks on inhomogeneous periodic lattices, which are globally translation invariant, and have determined the long-time asymptotic behavior of the occupation probabilities of the internal states, the means and covariances, of the probability of return to the origin, and the expected number of distinct sites visited. The crux of the method is to focus attention on the embedded Markov chain which is obtained by projecting the random walk on the set of internal states and to use asymptotic properties of Markov chains to show that, under the assumption that the walk is irreducible and aperiodic, the distribution of the walker over the internal states evolves toward a unique equilibrium distribution.
It was shown that the random walk properties mentioned above are identical to those for perfect lattices except for a renormalization of coefficients. In the case of the moments, explicit expressions for the modified coefficients (drift velocities and diffusion coefficients) were developed in terms of the eigenvalues and eigenvectors of the transition matrix of the embedded Markov chain. The calculation of the drift velocity and, for the case of locally unbiased walks, the diffusion coefficients, involves only a determination of the equilibrium distribution of the walker among the internal states. In the asymptotic expressions for the probability of return to the origin and the expected number of distinct sites visited (the latter only in dimension d < 3), the renormalized coefficients are precisely the diffusion coefficients of the multistate walk as modified by a geometrical scaling factor.
In the case of separable continuous time random walks (CTRW's) with finite mean waiting times and zero drift, the results are identical to those for discrete time walks with the discrete step variable n replaced by t/[ where t is the time and { is a weighted sum of mean waiting times in each internal state. If the mean waiting times are infinite, the time dependence of the asymptotic results is different, but the coefficients still involve the discrete-time diffusion coefficients. If the drift velocity is nonzero, the expressions for the second moments are more complicated.
We therefore conclude that, in the case of walks with zero drift (not necessarily locally unbiased), the calculation of the asymptotic random walk properties for inhomogeneous periodic lattices studied here reduces to: (i) a calculation of the diffusion coefficients in discrete time for such lattices, using the formalism developed in Section 2.2, and (ii) The additional calculation of the quantities t-and /~, as defined in (3.2.4), for the case of CTRW's. The average of (A2) is for large n given by in (r~(n) rj(n)} which depend on P~ cancel against the corresponding contributions from the product -(r~(n)}(rj(n)}.
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APPENDIX B
Here we present an outline of the derivation of (3. 
